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Very different types of scaling of the Nusselt number Nu with the Rayleigh number Ra have
experimentally been found in the very large Ra regime beyond 1011. We understand and interpret
these results by extending the unifying theory of thermal convection Grossmann and Lohse, Phys.
Rev. Lett. 86, 3316 2001 to the very large Ra regime where the kinetic boundary-layer is
turbulent. The central idea is that the spatial extension of this turbulent boundary-layer with a
logarithmic velocity profile is comparable to the size of the cell. Depending on whether the thermal
transport is plume dominated, dominated by the background thermal fluctuations, or whether also
the thermal boundary-layer is fully turbulent leading to a logarithmic temperature profile, we
obtain effective scaling laws of about NuRa0.14, NuRa0.22, and NuRa0.38, respectively.
Depending on the initial conditions or random fluctuations, one or the other of these states may be
realized. Since the theory is for both the heat flux Nu and the velocity amplitude Re, we can also
give the scaling of the latter, namely, ReRa0.42, ReRa0.45, and ReRa0.50 in the respective
ranges. © 2011 American Institute of Physics. doi:10.1063/1.3582362
I. INTRODUCTION
In the last decade, tremendous progress has been
achieved in the understanding of turbulent thermal convec-
tion in a closed system, known as Rayleigh–Bénard convec-
tion. For three recent reviews on the field, we refer to
Refs. 1–3 and also to the focus issue on thermal convection
in Ref. 4. Up to a Rayleigh number of Ra1011 basically all
experiments and numerical simulations on the Ra-scaling of
the Nusselt number the dimensionless heat transfer agree
among one another and are consistent with the unifying
theory for thermal convection of Grossmann and Lohse.5–8
Beyond Ra1011 the situation is, however, very differ-
ent. Whereas in most experiments an effective scaling close
to NuRa0.31 is measured,9–14 the experiments by the
Grenoble group gave a much steeper effective scaling close
to NuRa0.38.15–18 This scaling has been interpreted as the
so-called ultimate regime NuRa1/2 times logarithmic cor-
rections, which first was predicted by Kraichnan.19 The onset
of this steeper regime slightly depends on the aspect ratio :
the smaller , the later the onset.18 Numerical results are
unfortunately sparse in this regime due to the tremendous
required spatial resolution and thus CPU requirements at
these large Ra,20,21 but our properly resolved numerical
simulations in a three-dimensional 3D cylindrical sample
with =1 /2 in the regime up to 21012 do not show an
enhanced scaling of the Nusselt number.
The situation became even more puzzling when Ahlers
and coworkers measured less steep effective scaling expo-
nents NuRa0.25 and NuRa0.17 beyond Ra41013 and
31014, respectively,14,22 and only then found NuRa0.36 in
addition,23 see Fig. 1. Which of the three exponents 0.36,
0.25, or 0.17 was realized seems to depend on the back-
ground temperature around the sample. Later it turned out
that basically all effective exponents between 0.17 and 0.36
could be realized. However, it is not yet clear what triggers
the appearance of one or the other effective scaling law.
Finally, Roche et al.18 measured multiple scaling expo-
nents in the regime beyond Ra1012: for Pr=1.2 and
=0.23 they found two differently scaling branches for
NuRa; for lower fluid density an upper, less steep branch;
and for higher density a lower, but steeper branch with a
slope close to 0.38, see Fig. 11 of Ref. 18. It is not clear why
the fluid density triggers the appearance of one or the other
state.
In this paper we set out to understand and interpret the
different effective scaling regimes beyond Ra1011. We will
FIG. 1. Color online Log-log plot of several experimental data sets for
NuRa. The data are given in compensated form Nu /Ra0.3, in order to
highlight the differences. Plot and data taken from Ahlers et al. Ref. 14 and
subsequent measurements of the same group in the same setup Ref. 23. In
this experiment it depends on the background temperature around the
sample which of the branches are measured. The straight lines correspond to
effective scaling laws NuRa0.36 solid black, NuRa0.25 solid lighter line
violet online, and NuRa0.17 solid darker line blue online,
respectively.
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build on our unifying scaling theory,5–8 which below a shear
Reynolds number of Res420 Ref. 24 assumes the kinetic
and thermal boundary-layers BLs to be of laminar
Prandtl–Blasius type, from a scaling point of view. Indeed,
for Ra1011 and Prandtl numbers of order of 1, various
studies have shown that the kinetic and thermal BL thick-
nesses scale as suggested by the Prandtl–Blasius theory; for a
detailed discussion, we refer to Refs. 1 and 25. Beyond this,
Zhou et al. have recently shown26,27 that even the profiles—
both for the temperature and the velocity field as well as both
for gases and water—agree well with the Prandtl–Blasius
laminar boundary-layer profiles, provided that they are resa-
mpled in the respective dynamical reference frames that fluc-
tuate with the instantaneous thermal and velocity boundary-
layer thicknesses. However, around a shear Reynolds number
of Res420 Ref. 44 the Prandtl–Blasius type kinetic BL is
expected to break down, leading to a kinetic turbulent BL
with a logarithmic velocity profile.24,28 In our earlier
papers5–8 we did not address the resulting log-corrections in
this ultimate regime characterized by its turbulent BL, as-
suming that in that regime the scaling would be bulk domi-
nated, both from a kinetic and a thermal point of view. Once
no BLs exist as in the numerically realizable “homogeneous
RB convection,”29 the scaling in the bulk-dominated regime
is as predicted, namely, NuRa1/2Pr1/2 and
ReRa1/2Pr−1/2.29,30
However, for large enough Reynolds numbers beyond
Re420 or so which at Pr1 would correspond to Ra
1014 or some 1013 the BLs will show a logarithmic veloc-
ity profile and logarithmic correction must be embodied into
the scaling laws.16,19,31 One central new idea of this paper is
to realize that this turbulent kinetic BL extends over the
whole system height of order L. This can be understood by
reminding that the log-profile of turbulent BLs is derived by
referring to the distance z from the plate in modeling the
local eddy viscosity. This reflects the typical eddy size which
is responsible for the eddy viscosity at the given wall dis-
tance z. Thus, the turbulent BL in contrast to the laminar
Prandtl–Blasius BL extends into the bulk until it meets at
about L /2 the turbulent BL above the opposite plate, which
has the opposite sign of the velocity. Its total extension thus
does not scale with increasing Re or Ra.
In Sec. II we calculate the kinetic energy dissipation in
the viscous sublayer as well as in the sample-wide logarith-
mic BL. In the main Sec. III we analyze three different types
of heat transport through three respective types of thermal
BLs, leading to three different dependences of Nu on Ra
and Pr, all in the form of scaling laws with logarithmic
corrections. In Sec. IV we translate these dependences to
effective Nu-scaling laws. We also predict the resulting Re
versus Ra and Pr scaling with logarithmic corrections and
as effective scaling laws. We also give further predictions
from our theory, which can all be tested in experiments. The
paper ends with conclusions and an outlook to further work
Sec. V.
II. TURBULENT KINETIC BL IN THE ULTIMATE
REGIME
The local kinetic dissipation rate in the turbulent BL is
given as24
	uz =
u
3

¯z
, 1
where u= / is the typical velocity fluctuation scale in the
turbulent BL, following from momentum flux  toward the
wall,  is the density of the fluid, z the distance from the
plate, and 
¯0.4 is the empirical von Kármán constant. u
can be connected to the outer velocity scale U or Re
=UL /, which in RB flow characterizes the strength of the
large-scale convection roll, by24
u
U
=

¯
log	ReuU 1b

. 2
The empirical constant b depends on the system geometry; in
pipe flow or flow along a plate b is empirically found to be
b=0.92 or b=0.13, respectively.
The average dissipation rate 	u can be split into a viscous
sublayer contribution 	u,vsl and a log-layer contribution 	u,ll,
namely, 	u=	u,vsl+	u,ll. We will now estimate both of these
contributions and show that 	u is dominated by the log-layer
contribution relative to that of the viscous sublayer.
First, we estimate the energy dissipation rate in the vis-
cous sublayer as
	u,vsl  	uz 

2
·
z
L
, 3
with z /u as a measure for the thickness of the linear
sublayer. 	u,vsl expresses the dissipation rate in terms of the
order of the velocity gradient times the layer fraction z /L.
From Eq. 3 one obtains
	u,vsl  3L−4 Re3	uU 

3
. 4
Next, the log-layer contribution can be estimated as
	u,ll 
1
L/2z
L/2
	uzdz
= 3L−4 Re3	uU 

3 2

¯
log	ReuU 12
 , 5
where we have approximated L /2−zL /2. 	u,ll is derived
from Eq. 1, which does not yet contain the constant b. This
constant comes in if u is expressed in terms of the wind
amplitude U, cf. Eq. 2. The logarithmic factor in Eq. 5
leads to 	u,ll	u,vsl for sufficiently large Re, i.e., indeed to
dominance of the log-layer contribution. Now, in pipe flow
or flow along plates the smooth transition from the laminar
viscous sublayer to the log-profile empirically is around
10z; there is no corresponding information yet available
about flow in RB containers. A shift of the lower border z in
Eq. 5 by some factor leads to a corresponding factor in the
argument of the logarithm. We take notice of that by substi-
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tuting some numerical factor b instead of 2 in Eq. 5.
The kinetic energy dissipation rate in the turbulent BL
increases faster than in the laminar Prandtl BL, which is
Re5/2, but less than in the Kolmogorov bulk, which is
Re3, cf. Refs. 5 and 29. That comes from the net effects of
the decreasing u /U3- and the increasing logRe u /U
1 /b-factors.
Using the well known exact relation between the volume
averaged kinetic energy dissipation rate 	u and the area av-
eraged heat flux Nu, namely, 	u=3L−4Nu−1Ra Pr−2, cf.
Refs. 5 and 32, one obtains in the regime with a turbulent
kinetic BL
Nu Ra Pr−2  
¯ −1Re3	uU 

3
log	ReuU 1b
¬ Re3 L .
6
The extra factor,
Lª 
¯ −1	uU 

3
log	ReuU 1b
 , 7
reflects the log-corrections due to the turbulent kinetic
boundary-layer. It leads—as mentioned above—to a less
steep increase of 	u with increasing Re than in the Kolmog-
orov bulk which is Re3. The log-correction factor LRe
can either be calculated numerically from the implicit equa-
tion 2 or by its explicit solution in terms of a continued
fraction expansion. With the abbreviation Re˜ =Re 
¯ /b one
finds
1

¯
u
U
=
1
ln Re˜ + ln
1
ln Re˜ + ln
1
ln Re˜ + ln
1
ln Re˜ + ¯
.
Although we determined L numerically from the nicely
converging continued fraction or from implicit equation 2,
it might be worthwhile to note that u /U can be expressed in
terms of Lambert’s W-function, defined as the solution of
x = Wxex or, equivalently, x = WxeWx. 8
It is
u
U
=

¯
WRe˜ 
. 9
To see this, start from Eq. 2 in the form x=1 / lnRe˜ ·x with
x=u / 
¯U, leading to x Re˜ =e1/x. Applying now W gives
WRe˜ =W1 /xe1/x, using the defining expression 8, re-
sulting in Eq. 9. The continued fraction is thus also an
expansion of Lambert’s W-function.
However, ultimately we wish to know the Ra- instead of
the Re-dependence, i.e., LRa. For the lack of anything bet-
ter, we take for ReRa the result from the Grossmann–Lohse
theory,5–7 which for Pr1 and with Ra between 1010 and
1016 is Re=Re1Ra0.346·Ra0.443, where we have as-
sumed that the kinetic BLs are not yet turbulent, in spite of
the large Ra and Re. Using this in L in Sec. IV we find the
solid black lines for the Ra-dependent, local scaling expo-
nents of Nu and Re in Fig. 2. But there are good reasons that
Re might be smaller than the above values: i The transition
to turbulence might happen for smaller Ra and thus corre-
spondingly smaller Re. ii Within the turbulent regime Re
will increase considerably less, reflecting the increase of the
friction coefficient, i.e., the large-scale circulation in the cell
with a turbulent BL will become much weaker. iii The geo-
metrical factor b in the RB cell with 1 may be signifi-
cantly different from that in the mentioned  flows, re-
sulting possibly in smaller Re. This smaller prefactor is
meant to reflect the possibly other value of b contained in
Re˜  due to the finite geometry as well as the probably smaller
increase of the flow amplitude with increasing driving Ra
due to the higher eddy viscosity and thus larger flow resis-
tance and friction. Therefore, in a second estimate we as-
sume the dependence Re=Re2Ra0.003 46·Ra0.443, i.e., a
mean flow which is a hundred times weaker. This Re-Ra-
connection leads to the dashed red lines for the Ra-dependent
scaling exponents in Fig. 2.
To give the reader an idea of the magnitude of the ratio
u /U, the kinetic boundary-layer thickness , and the viscous
sublayer thickness z /u, we tabulate the respective val-
ues for the two assumed ReRa dependences in Table I.
III. THREE TYPES OF THERMAL TRANSPORT
THROUGH THE BL
A second exact relation originates from the heat flux
balance.5–8 The heat flux Nu, an area average, is closely re-
lated to the thermal dissipation rate 	, a volume average,
	=

2L−2Nu. The second main idea now is that even if the
velocity field is fully turbulent, the temperature field does not
necessarily need to be turbulent, too. In addition to this latter
case, two other flows may be realized, namely, with a scal-
ingwise laminar thermal Prandtl–Blasius BL, the flux being
either plume or background fluctuation dominated, cf. Ref. 8.
We consider these cases in Secs. III A and III B, respectively.
We stress that such coexistence of a turbulent velocity field
and a smooth temperature field is indeed possible. An ex-
ample is small Pr1 number thermal convection.33 The op-
posite case is also possible: For very large Pr1 the velocity
field is smooth and the temperature field is nevertheless tur-
bulent for large enough Ra, see, e.g., Refs. 34 and 35 for the
extreme case of Pr→. In addition to the two regimes with
TABLE I. Characteristic values for the ratio u /U, the kinetic boundary-
layer thickness , and the viscous sublayer thickness z= /u for Ra=1014
under the discussed two assumption Re1=0.346·Ra0.443 second column
and Re2=0.003 46·Ra0.443 third column. The absolute values refer to the
Göttingen experiment with L=2.24 m Ref. 14.
Assumed Re1Ra Re2Ra
Re 5.5105 5.5103
u /U 0.039 0.065
 /L 6.7410−4 6.7410−3
z /L 4.710−5 2.8110−3
 1.5 mm 15 mm
z 0.11 mm 6.3 mm
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still laminar-type temperature field, we will of course also
consider the heat transport through a turbulent thermal BL
Sec. III C as a third ultimate regime.
A. Plume dominated thermal transport in a laminar
thermal BL
We start from the Prandtl equation,
uxx 
z
2 , 10
where x is in longitudinal and z in vertical direction. At the
edge of the thermal BL, we have uxU /L, where we again
have assumed that the extension  of the kinetic BL is over
the whole sample—so by definition we are in the regime in
which the thermal BL is nested in the turbulent kinetic BL.
If that kinetic BL were laminar, it would be the “infinity
regime” of Ref. 6, but now for the large Reynolds number
the kinetic BL is considered to be turbulent and sample-
wide. With the estimates z1 /Nu /L and x1 /L we
arrive at
Nu  Re Pr1/3. 11
Combining Eqs. 11 and 6 we obtain
Nu  Pr1/8 Ra1/8LRe−1/8, 12
Re  Pr−5/8 Ra3/8LRe−3/8. 13
Relations 12 and 13 are the final result for the approxi-
mate Ra and Pr dependence of Nu and Re in this plume
dominated ultimate regime with a still although time depen-
dent Prandtl–Blasius thermal BL. In Sec. IV we will trans-
late these relations to effective scaling laws.
B. Background dominated thermal transport
in a laminar thermal BL
If the thermal transport in the boundary-layer BL is
dominated by the background bg fluctuations, one has ac-
cording to Ref. 8
Nu 
u3xbgz BL

L−1
 Re Pr f	


  Re Pr 

. 14
The second line follows from the first line if one uses u3
Uf / and  scalingwise and order of magnitude
wise, respectively. Since L, according to the assumption
of a sample-filling kinetic BL, and since L /Nu, we im-
mediately obtain
Nu  Re Pr1/2. 15
Combining Eqs. 15 and 6 we get
Nu  Pr1/5 Ra1/5 LRe−1/5, 16
Re  Pr−3/5 Ra2/5 LRe−2/5. 17
C. Thermal transport in a turbulent thermal BL
We now come to the case when the temperature BL be-
comes turbulent too. The turbulent thermal diffusivity here
can be approximated as cf. Ref. 24

turbz  
¯uz . 18

¯ is the empirical thermal von Kármán constant; we assume

¯ 
¯=0.4. Integration of the heat transfer equation with
this ansatz 18 leads to the heat flux,
Nu 
L−1  − 
 + 
¯uzzz . 19
In the thermal sublayer zPr−1 z a linear temperature pro-
file results, whereas for zPr−1 z the temperature profile is
logarithmic.24,28 In the middle of the cell the respective loga-
rithmic temperature profiles from the top and bottom must
merge and z=L /2= /2. This relates Nu with , resulting
in
Nu =

¯
2
u
U
Re Pr
log	Re uU 1b
 + FPr
. 20
FPr is an empirical term, expected to be of order of 1 for
nonasymptotic Pr i.e., neither Pr→ nor Pr→0. In loga-
rithmic precision we then have
Nu  Re Pr LRe , 21
valid for nonasymptotic Pr. Combining Eq. 21 with Eqs.
6 and 7, we also obtain
Re  Ra1/2 Pr−1/2. 22
Remarkably, the log-corrections LRe cancel in relation
22 for the Reynolds number. Combining the last two equa-
tions, we obtain
Nu  Ra1/2 Pr1/2 LRe , 23
i.e., the scaling of the pure ultimate regime29 for which no
boundary effects contribute, but now with logarithmic cor-
rections due to the turbulent boundary-layer. Note that the
logarithmic corrections here are slightly different as com-
pared to those in Refs. 16, 19, and 31.
IV. REPLACING THE LOG-CORRECTIONS BY
EFFECTIVE SCALING LAWS
How much the log-corrections affect the effective scal-
ing exponents depends on the absolute values of Ra and Re.
To give the reader an indication of the strength of the log-
corrections in the relevant regime under consideration, in this
section we will calculate the effective scaling exponents
d log Nu /d log Ra and d log Re /d log Ra in the three re-
gimes of the three Secs. III A–III C for Ra in the regime
1011–1015, where the transition to the ultimate regime is ex-
pected.
The results are shown in Fig. 2, where we have assumed
Pr=0.7, b=1, and 
¯= 
¯=0.4. If the transport through the
still laminar thermal BL is plume dominated, the local effec-
tive scaling exponent eff in the scaling relation NuRaeff is
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about eff0.14. For the background dominated regime we
obtain eff0.22–0.23. Moreover, once the thermal BL also
becomes fully turbulent, as the kinetic BL is, we have eff
0.35–0.42, depending on the size of the Reynolds number
in this regime. The effective scaling exponents eff in the
scaling relation ReRaeff are eff0.41–0.43, eff
0.43–0.46 again depending on the degree of turbulence in
the cell, and eff0.50 for the three respective regimes.
The effective Nu-exponents eff are consistent with the
exponents found in the three regimes of Fig. 1.23 In this
sense the aim of this paper—to explain the existence of dif-
ferent regimes and to rationalize the findings23—has been
achieved.
We note that a mixture of these three states may also
occur—either temporally or spatially—and therefore any ef-
fective exponent eff between 0.14 and 0.39 may be possible.
We presently do not understand what physical conditions
push the flow toward one or the other state. We also do not
know why in the experiments in Grenoble15,16,18 beyond Re
1011 only the effective exponent eff0.38 is measured.
Such an “early” transition corresponds to a transition shear
Reynolds number Res of less than 200, instead of the value
of 420 given in Ref. 24. In any case, we expect that for very
large Ra, beyond the presently attainable range, where the
turbulence gets extremely strong, this third branch—
corresponding to both turbulent thermal and turbulent kinetic
BLs—is the only one which will survive.
Indeed, for the Taylor–Couette TC system, which for-
mally is very much related to RB convection,36 the only
exponent which is measured for strong turbulence is eff
0.38.37 Here eff is the effective scaling exponent of the
angular velocity transport current, normalized by its value in
the laminar case, Nu, as a function of the Taylor number Ta.
These two quantities correspond to Nu and Ra.36 The reason
that for the TC system only eff0.38 is measured presum-
ably is that the forcing in the shear-driven TC flow is much
more efficient than in RB flow and that the angular or azi-
muthal velocity is more closely related to the radial and axial
velocity components by the Navier–Stokes equations. There-
fore, the flow is more turbulent.
V. PREDICTIONS FROM THE THEORY,
CONCLUSIONS, AND OUTLOOK
Our theory not only accounts for the experimentally
found multiple effective scaling of Nu with Ra in the very
large Ra regime Ra1011 but also makes predictions,
namely, for the corresponding effective Ra-scaling relations
of the Reynolds number, shown in Fig. 2b. The prediction
is that the effective scaling NuRa0.14 coincides with about
ReRa0.42, NuRa0.22 with ReRa0.45, and NuRa0.38 co-
incides with ReRa0.50. We note that multiple scaling con-
nected with phase transitions has recently also been sug-
gested for other closed turbulent flows such as the von
Karman flow.38 Sharp phase transitions between different tur-
bulent states were also reported for rotating Rayleigh–
Bénard flow39 and turbulent magnetohydrodynamic
flow.40–43
A further prediction of our present theory is that the
corrections to the scaling exponents eff and eff decrease
with increasing Ra, since the log-corrections then become
smaller.
A next prediction is on the Pr dependence of Nu in a
range of finite, nonasymptotic Pr.
A final prediction is on the velocity and temperature pro-
files. In all three regimes, the mean velocity should follow
the Prandtl log-profile. In the regime of the turbulent thermal
BL, the temperature profile should also have a log-profile,
rather than the steep decay in the thermal BLs toward a con-
stant mean temperature in the bulk which is found for less
violently forced RB flow.
In summary, we have presented a theory for the experi-
mentally observed14,22,23 effective multiple scaling of Nu
with Ra in the beginning of the ultimate Ra regime Ra
1014 and made predictions for the corresponding effective
Re-scaling. We do realize that many questions remain
unanswered—the most pressing one: What physical condi-
tions trigger the flow to be in one or the other state? How do
“mixtures” of different states appear? Is it really only the
state with both turbulent thermal and kinetic BL which will
ultimately survive for even larger Ra?
ACKNOWLEDGMENTS
We thank Guenter Ahlers and Eberhard Bodenschatz for
various discussions and for making the data of Fig. 1 avail-
able to us. We also thank Richard Stevens and Sander Huis-
man for discussions and suggestions.
1G. Ahlers, S. Grossmann, and D. Lohse, “Heat transfer and large scale
dynamics in turbulent Rayleigh–Bénard convection,” Rev. Mod. Phys. 81,
503 2009.
2D. Lohse and K.-Q. Xia, “Small-scale properties of turbulent Rayleigh–
Bénard convection,” Annu. Rev. Fluid Mech. 42, 335 2010.
3J. Niemela and K. R. Sreenivasan, “The use of cryogenic helium for clas-
sical turbulence: Promises and hurdles,” J. Low Temp. Phys. 143, 163
2006.
4See the Focus issue on “New perspectives in high-Rayleigh-number tur-
bulent convection,” New J. Phys. 2010
5S. Grossmann and D. Lohse, “Scaling in thermal convection: A unifying
view,” J. Fluid Mech. 407, 27 2000.
6S. Grossmann and D. Lohse, “Thermal convection for large Prandtl num-
12 14
lg Ra
0.0
0.1
0.2
0.3
0.4
0.5
d
log
(N
u)
/d
log
(R
a)
log10Ra
d
lo
g 1
0(
N
u)
/d
lo
g 1
0(
R
a)
12 14
lg Ra
0.0
0.1
0.2
0.3
0.4
0.5
d
log
(R
e)
/d
log
(R
a)
log10Ra
d
lo
g 1
0(
R
e)
/d
lo
g 1
0(
R
a)
FIG. 2. Color online Solid black lines: Local scaling exponents
d log Nu /d log Ra a and d log Re /d log Ra b for the three regimes of
Sec. III A bottom lines: plume dominated thermal transport in laminar ther-
mal BL; Sec. III B middle lines: background dominated thermal transport
in laminar thermal BL; and Sec. III C top lines: turbulent thermal BL for
Ra in the regime 1011–1015. The dashed red online lines correspond to the
case for which we have replaced Re1Ra by Re2Ra=Re1Ra /100 in the
calculation of the logarithmic correction factor LRe, reflecting the weaker
mean flow beyond the breakdown of the laminar kinetic boundary-layer. For
all cases we have assumed Pr=0.7, b=1, and 
¯= 
¯=0.4. lg means log10.
045108-5 Multiple scaling in the ultimate regime Phys. Fluids 23, 045108 2011
Downloaded 13 Dec 2011 to 130.89.112.86. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions
ber,” Phys. Rev. Lett. 86, 3316 2001.
7S. Grossmann and D. Lohse, “Prandtl and Rayleigh number dependence of
the Reynolds number in turbulent thermal convection,” Phys. Rev. E 66,
016305 2002.
8S. Grossmann and D. Lohse, “Fluctuations in turbulent Rayleigh-Bénard
convection: The role of plumes,” Phys. Fluids 16, 4462 2004.
9J. Niemela, L. Skrbek, K. R. Sreenivasan, and R. Donnelly, “Turbulent
convection at very high Rayleigh numbers,” Nature London 404, 837
2000.
10J. Niemela and K. R. Sreenivasan, “Confined turbulent convection,” J.
Fluid Mech. 481, 355 2003.
11A. Nikolaenko and G. Ahlers, “Nusselt number measurements for turbu-
lent Rayleigh–Bénard convection,” Phys. Rev. Lett. 91, 084501 2003.
12D. Funfschilling, E. Brown, A. Nikolaenko, and G. Ahlers, “Heat transport
by turbulent Rayleigh–Bénard convection in cylindrical cells with aspect
ratio one and larger,” J. Fluid Mech. 536, 145 2005.
13J. Niemela and K. R. Sreenivasan, “Turbulent convection at high Rayleigh
numbers and aspect ratio 4,” J. Fluid Mech. 557, 411 2006.
14G. Ahlers, D. Funfschilling, and E. Bodenschatz, “Transitions in heat
transport by turbulent convection at Rayleigh numbers up to 1015 ,” New
J. Phys. 11, 123001 2009.
15X. Chavanne, F. Chilla, B. Castaing, B. Hebral, B. Chabaud, and J.
Chaussy, “Observation of the ultimate regime in Rayleigh–Bénard con-
vection,” Phys. Rev. Lett. 79, 3648 1997.
16X. Chavanne, F. Chilla, B. Chabaud, B. Castaing, and B. Hebral, “Turbu-
lent Rayleigh–Bénard convection in gaseous and liquid He,” Phys. Fluids
13, 1300 2001.
17P. Roche, F. Gauthier, B. Chabaud, and B. Hébral, “Ultimate regime of
convection: Robustness to poor thermal reservoirs,” Phys. Fluids 17,
115107 2005.
18P. E. Roche, G. Gauthier, R. Kaiser, and J. Salort, “On the triggering of the
ultimate regime of convection,” New J. Phys. 12, 085014 2010.
19R. H. Kraichnan, “Turbulent thermal convection at arbitrary Prandtl num-
ber,” Phys. Fluids 5, 1374 1962.
20R. J. A. M. Stevens, R. Verzicco, and D. Lohse, “Radial boundary-layer
structure and Nusselt number in Rayleigh–Bénard convection,” J. Fluid
Mech. 643, 495 2010.
21O. Shishkina, R. J. A. M. Stevens, S. Grossmann, and D. Lohse,
“Boundary-layer structure in turbulent thermal convection and its conse-
quences for the required numerical resolution,” New J. Phys. 12, 075022
2010.
22D. Funfschilling, E. Bodenschatz, and G. Ahlers, “Search for the ultimate
state in turbulent Rayleigh–Bénard convection,” Phys. Rev. Lett. 103,
014503 2009.
23G. Ahlers, Lecture at the Euromech Colloquium in Les Houches, 2010,
see www.hirac4.cnrs.fr/HIRAC4_-_Talks_files/Ahlers.pdf; G. Ahlers, D.
Funfschilling, and E. Bodenschatz, “Addendum to Transitions in heat
transport by turbulent convection at Rayleigh numbers up to 1015,” New J.
Phys. 13, 049401 2011.
24L. D. Landau and E. M. Lifshitz, Fluid Mechanics Pergamon, Oxford,
1987.
25C. Sun, Y. H. Cheung, and K.-Q. Xia, “Experimental studies of the viscous
boundary-layer properties in turbulent Rayleigh–Bénard convection,” J.
Fluid Mech. 605, 79 2008.
26Q. Zhou and K.-Q. Xia, “Measured instantaneous viscous boundary-layer
in turbulent Rayleigh–Bénard convection,” Phys. Rev. Lett. 104, 104301
2010.
27Q. Zhou, R. J. A. M. Stevens, K. Sugiyama, S. Grossmann, D. Lohse, and
K.-Q. Xia, “Prandtl–Blasius temperature and velocity boundary-layer pro-
files in turbulent Rayleigh–Bénard convection,” J. Fluid Mech. 664, 297
2010.
28H. Schlichting and K. Gersten, Boundary Layer Theory, 8th ed. Springer,
Berlin, 2000.
29D. Lohse and F. Toschi, “The ultimate state of thermal convection,” Phys.
Rev. Lett. 90, 034502 2003.
30E. Calzavarini, D. Lohse, F. Toschi, and R. Tripiccione, “Rayleigh and
Prandtl number scaling in the bulk of Rayleigh–Bénard turbulence,” Phys.
Fluids 17, 055107 2005.
31B. Dubrulle, “Momentum transport and torque scaling in Taylor–Couette
flow from an analogy with turbulent convection,” Eur. Phys. J. B 21, 295
2001.
32B. I. Shraiman and E. D. Siggia, “Heat transport in high-Rayleigh number
convection,” Phys. Rev. A 42, 3650 1990.
33S. Grossmann and D. Lohse, in Proceedings of the 7th International Sum-
mer School and Conference “Let’s Face Chaos through Nonlinear Dynam-
ics”, CAMTP - Center for Applied Mathematics and Theoretical Physics,
University of Maribor, Slovenia, 29 June–13 July 2008, edited by M.
Robnik and V. G. Romanovski AIP, New York, 2008, pp. 68–75.
34U. Hansen, D. A. Yuen, and S. E. Kroening, “Transition to hard turbulence
in thermal convection at infinite Prandtl number,” Phys. Fluids A 2, 2157
1990.
35U. Hansen, D. A. Yuen, and S. E. Kroening, “Mass and heat-transfer in
strongly time-dependent thermal convention at infinite Prandtl number,”
Geophys. Astrophys. Fluid Dyn. 63, 67 1992.
36B. Eckhardt, S. Grossmann, and D. Lohse, “Torque scaling in turbulent
Taylor–Couette flow between independently rotating cylinders,” J. Fluid
Mech. 581, 221 2007.
37D. van Gils, S. G. Huisman, G. W. Bruggert, C. Sun, and D. Lohse,
“Torque scaling in turbulent Taylor–Couette flow with co- and counter-
rotating cylinders,” Phys. Rev. Lett. 106, 024502 2011.
38P. Cortet, A. Chiffaudel, F. Daviaud, and B. Dubrulle, “Experimental evi-
dence of a phase transition in a closed turbulent flow,” Phys. Rev. Lett.
105, 214501 2010.
39S. Weiss, R. Stevens, J.-Q. Zhong, H. Clercx, D. Lohse, and G. Ahlers,
“Finite-size effects lead to supercritical bifurcations in turbulent rotating
Rayleigh–Bénard convection,” Phys. Rev. Lett. 105, 224501 2010; R. J.
A. M. Stevens, J.-Q. Zhong, H. J. H. Clercx, G. Ahlers, and D. Lohse,
“Transitions between turbulent states in rotating Rayleigh–Bénard convec-
tion,” ibid. 103, 024503 2009.
40F. Ravelet, L. Marié, A. Chiffaudel, and F. Daviaud, “Multistability and
memory effect in a highly turbulent flow: Experimental evidence for a
global bifurcation,” Phys. Rev. Lett. 93, 164501 2004.
41R. Monchaux, M. Berhanu, M. Bourgoin, M. Moulin, P. Odier, J. F. Pin-
ton, R. Volk, S. Fauve, N. Mordant, F. Petrelis, A. Chiffaudel, F. Daviaud,
B. Dubrulle, C. Gasquet, L. Marie, and F. Ravelet, “Generation of a mag-
netic field by dynamo action in a turbulent flow of liquid sodium,” Phys.
Rev. Lett. 98, 044502 2007.
42F. Ravelet, M. Berhanu, R. Monchaux, S. Aumaitre, A. Chiffaudel, F.
Daviaud, B. Dubrulle, M. Bourgoin, P. Odier, N. Plihon, J. F. Pinton, R.
Volk, S. Fauve, N. Mordant, and F. Petrelis, “Chaotic dynamos generated
by a turbulent flow of liquid sodium,” Phys. Rev. Lett. 101, 074502
2008.
43R. D. Simitev and F. H. Busse, “Bistability and hysteresis of dipolar dy-
namos generated by turbulent convection in rotating spherical shells,” Eu-
rophys. Lett. 85, 19001 2009.
44This values is taken from Ref. 24—it may also be less, say, 320, as
argued in Ref. 10. This uncertainty in Res is still an unresolved issue in the
field, as the onset of turbulence in shear flow is not via a linear instability,
but of nonlinear-non-normal type and depends on the flow details, cf., e.g.,
Refs. 45 and 46.
45S. Grossmann, “The onset of shear flow turbulence,” Rev. Mod. Phys. 72,
603 2000.
46B. Eckhardt, T. Schneider, B. Hof, and J. Westerweel, “Turbulence tran-
sition in pipe flow,” Annu. Rev. Fluid Mech. 39, 447 2007.
045108-6 S. Grossmann and D. Lohse Phys. Fluids 23, 045108 2011
Downloaded 13 Dec 2011 to 130.89.112.86. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions
